In this paper, we refine the blow-up criterion of Huang-Wang [T. Huang, C.Y. Wang, Blow up criterion for nematic liquid crystal flows,
Introduction
This paper concerns itself with the Cauchy problem for the hydrodynamic flow of nematic liquid crystals in R n pn " 2 or 3q:
Here u : R n Ñ R n is the fluid velocity field, d : R n Ñ S 2 reflects the macroscopic average of the nematic liquid crystal orientation field, π : R n Ñ R denotes the scalar pressure, and ν ą 0 is the kinematic viscosity. Without loss of generality, we may assume ν " 1 in the rest of the paper. Moreover, u 0 : R n Ñ R with ∇¨u 0 " 0 and d 0 : R n Ñ S 2 are the prescribed initial data. The system (1) is a simplified version of the Ericksen-Leslie system modeling the hydrodynamics of nematic liquid crystals (see [1, 2, 7] ), and was first introduced by Lin-Liu [9, 10] . Physically, the system (1) is a macroscopic continuum description of the time evolution of the material under the influence of u and d, which couples the Navier-Stokes equations and the transport heat flow of harmonic map into S 2 . Besides its physical significance, the system (1) is also mathematically important. The existence and uniqueness of LerayHopf type weak solutions in bounded domains of R 2 (or R 2 ) were established in [3, 8, 11] . However, the three-dimensional case are more complicated, slight modifications of the proof of [8, Theorem 3.1] imply that for initial data
the system (1) possesses a unique, classical solution
where Γ˚is the maximal existence time of the local unique, classical solution.
In [4] , Huang and Wang characterize Γ˚in terms of ω " ∇ˆu and ∇d as
In this paper, we would like to refine (2) to the BMO spaces. Precisely, we have
If the maximal existence time Γ˚of the local unique, classical solution of the system (1) is finite, then
In particular, we have lim sup
Here, BM O is the space of functions of bounded mean oscillation, whose semi-norm is given by
Notice that L 8 is strict subclass of BM O. At this moment, we could not extend }∇d} L 8 to }∇d} BM O . We hope we can investigate this issue in the near future.
Proof of Theorem 1
By standard continuation argument and higher order energy estimates, we need only to prove that }pu, ∇dq} H 3 is uniformly bounded in r0, Γ˚q, see [4] .
Taking the inner product of (1) 
Noticing that
we have 1 2
To obtain the H 3 bounds of pu, ∇dq, we multiply (1) 1 with´ 3 u, (1) 3 with 4 d respectively, integrating over R 3 , and gathering together,
In order to estimate I 1 , we use the following estimate (see [5] ):
to deduce that
By Leibniz's rule and Gagliardo-Nirenberg inequality, it follows that
where 0 ă ε ! 1 is to be determined later on.
The term I 3 may be dominated similarly as I 1 :
Finally, straightforward computations showˇ∇
and thus
(10) Gathering (7)- (10) into (5)` (6), and choosing ε sufficiently small, we deduce that
where mptq " e`}pu, ∇dq} 2 H 3 . Now, we invoke the followng critical Sobolev imbedding inequality (see [6] ): By Gronwall inequality, we obtain ln mptq ď ln mp0q¨exp
or equivalently,
for each t P r0, Γ˚q. This completes the proof of Theorem 1.
